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This paper presents a class of cubic diNerential systems with the origin as a 
6tuple focus from which 6 limit cycles may be constructed. For this class of 
differential systems the stability of the origin is given. 1: IWO Academic PKS. IIIC 
1. INTRODUCTION 
If the characteristic equation of a plane autonomous differential system 
has no real roots then the possible singular points are either stable or foci. 
The analytical criteria for differentiating between a center and a focal point, 
requiring the solution of differential equations and in general involving 
transcendental and infinitely many operations, were proposed by Liapunov 
and Frommer, etc. If the right-hand sides of the differential system contain 
terms of first degree, in analytic case the origin is a center only if the system 
can be reduced by a nonsingular transformation to the form 
$= y+P,(x, y)+ f.. + P,(x, y) + :. . , 
dv 
dr- - -x+Q,(x, y)+ .-. +0,(x, I’)+ ‘.., 
(1.1) 
where Pi(x, y) and Q,(x, y) are homogenous polynomials of degree i. Then 
applying the classical method introduced by Poincare, we can construct an 
analytic function F(x, y), called a Liapunov function of (1.1). requiring 
only the solution of algebraic equations such that F(x, y) is positive near 
the origin and the differential of F(x, y) along the integral curve of (1.1) is 
of the form 
dF(x, Y) -= 
dt 
03 y4 + 05 y6 + . . . + vzi. , yz’+ ‘. . ) (1.2) 
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where v3, us, . . . are all polynomials in the coefficients of Pi and Qi as 
indeterminates. Thus the origin is a center if and only if v3 = t’s = ... = 
02, ,=“’ =0 and the stability of the origin may be determined by the 
sign of each v2, _ , , called the (j - 1 )th Liapunov constant of (1. I ) for j > 2 
c4, 81. 
If the right-hand sides of ( 1.1) are polynomials, i.e., P, (x, y) = 
Qi(x, y) = 0 for i > n, we then call (1.1) an n-differential system of center 
and focus type. In [S] the author described a mechanical procedure based 
on PoincarC’s method for constructing the Liapunov function and 
Liapunov constants of any n-differential systems of center and focus 
type. We implemented a manipulation system DEMS on HPlOOB 
which has been applied to get some new results [S, 63. Recently, the author 
reimplements the DEMS in scratchpad II on an IBM4341. These systems 
are applied to compute the Liapunov function and Liapunov constants, to 
investigate the relations among Liapunov constants and other conditions, 
and to provide some useful results to the study of stability, center and focus 
decision, and limit cycles. This paper is one of those reporting the obtained 
results. 
The origin is said to be an m-tuple focus (or a focus of multiplicity m) 
of an n-differential system of center and focus type if the first m - 1 
Liapunov constants of the system are 0 but the mth one is not. According 
to the fundamental theorem on the creation of limit cycles from a multiple 
focus, if the multiplicity of a focus of the system is m, then one can 
construct m, and at most m, limit cycles from the focus by a small 
perturbation. 6ayruH proved that the multiplicity of focus of the quadratic 
differential system is less than or equal to 3. But such an upper bound B(n) 
has not been given for n > 2. Even for cubic differential system, there is not 
yet a particular example to indicate the upper bound B(3) > 5. In this 
paper we present a class of cubic differential systems discovered by DEMS 
with the origin as a 6-tuple focus, which shows that B(3) is at least 6. 
For this class of differential systems 6 limit cycles from the origin are 
constructed by a small perturbation. Using the obtained Liapunov 
constants the criteria for the stability of the origin can be easily given. 
2. A PARTICULAR CUBIC DIFFERENTIAL SYSTEM 
Let us consider immediately the following cubic differential system 
dx 
x= y-ax=-2b xy + ay2 + (7A - 68) x2y - (A - 2B) y3 = P(x, y), 
(2.1) 
& 
dr- 
- -x - bx2 + 2axy + hy2 - Ax3 + (7A - 88) xy2 = Q(x, y). 
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Computing by DEMS we obtain the first four Liapunov constants vj, us, 
v,, and vg being 0 and v,,, v,~ consisting of 12 and 28 terms, respectively. 
Factoring v, 1 and v,~, we have 
VII = -8$b(A-B)1(20’+2b2+llB), 
V ,3 = $f$ ah( A - B)3 A, 
where 
A = 440~~ + ( 80h2 - 18OOA + 7754B) a* - 360h4 - ( 18OOA - 33548) h2 
- 12OOA’ - 75OOAB + 14325B2. 
Using Euclidean division we may write A as 
A = & (2~2’ + 2h2 + 11 B)( 56644~~ + 8244b2 - 82500A + 1575758) - $9 
in which 
f=3025A2+ 1100(a2+h2)A+ 1251(~*+h*)~. 
It is easy to see that r is semi-positive, i.e., for any real numbers a, h and 
A (a2 + b2 + A2 # 0), r> 0. Hence we have the following 
THEOREM 1. Zf2a2+2b2+11B=Oandab(A-B)#O, then theoriginis 
a 6-tuple focus of the cubic differential system (2.1). Therefore, one can 
construct 6 limit cycles in a small neighborhood of the origin by perturbation. 
We note that in (2.1) if A = B, then 
apt-& Y) + aQ(x, Y) = o 
dX 8Y . 
This implies the origin is a center of (2.1). It is easy to check if a = 0, then 
ex, -VI= -P(x, y), Q(x* - Y) = Q(x, Y ). 
Similarly, if b = 0, we have 
e-x, Y)=m yx Q(-x9 Y)= -Q(x, Y). 
Hence the integral curves of (2.1) in the cases a = 0 and b = 0 are sym- 
metric with respect to the y-axis and x-axis, respectively. By the Poincart 
symmetry principle, the origin is a center of (2.1) in these two cases. 
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THEOREM 2. The origin is a center of (2.1) if and only if ab(A - B) = 0. 
According to the well known criteria, for differential system (2.1) the 
stability of the origin is determined by the following 
THEOREM 3. (1) If ab(A -B) =O, then the origin is center stable but 
not asymptotically stable. 
(2) Zf ab(A - B)(2a2 + 2b2 + 11B) ~0, then the origin is unstable. Zf 
ab(A - B)(2a2 + 2b2 + 11B) > 0, then the origin is asymptotically stable. 
(3) If 2a2 + 2b2 + llB=O and ab(A -B) ~0, then the origin is 
unstable. Zf 2a2 + 2b2 + llB= 0 and ab(A -B) >O, then the origin is 
asymptotically stable. 
The presented system (2.1) has a quite simple form. What is important 
for us is how to systematically and efficiently find such particular systems. 
Our approach is based on the use of computer algebraic methods. 
Since u3, v5, . . . . v2j- 1 are polynomials in indeterminates x1, . . . . x,, the 
coefficients of Pi and Qi, to find a particular differential system with 
m-tuple focus means to find some xi = xp and c = co f 0 in rational field Q, 
real field R, or their transcendental extension such that 0,(x:, . . . . xs) = 
v,(xy, . . . . x;) = v2,,- ,(x;, . . . . x8) = 0 but V2m+l by, ..-, xZ)=c”. This is 
actually a problem for solving a set of algebraic equations and can be done 
by any known methods. Usually the Liapunov constants computed from 
the given differential system consist of many terms and are very com- 
plicated, so it is almost impossible to solve such a set of algebraic equations 
even on a big computer. For our purpose, we have then to use some 
specific techniques and to do many experiments. However, much over- 
elaborate work on concrete computation can be done on computers and 
the computer algebra systems provide a powerful tool. Thus our attention 
may be concentrated on developing the systematic methods. The above 
differential system is an example obtained by using DEMS and in a 
systematical way as well. For more detailed discussions of finding 
particular systems with higher multiple focus from algorithmic aspects we 
refer to [7]. 
3. CONSTRUCTION OF LIMIT CYCLES 
The second part of Hilbert’s 16th problem suggests deciding the maximal 
number N(n) of limit cycles of plane autonomous n-differential systems. 
Compared to other Hilbert’s problems, this one has gained little progress 
in the past 88 years. Russian mathematicians attempted to prove N(2) = 3 
in 1950s. Surprisingly, several Chinese mathematicians simultaneously 
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presented the particular quadratic differential systems with 4 limit cycles in 
1979, which indicates N(2) > 4. This fact has refuted the traditional conjec- 
ture of N(2) = 3 and again laid this difficult problem in front of us. In fact, 
only a few years ago it was proved that quadratic systems cannot have 
infinitely many limit cycles. 
Undoubtedly, the study of Hilbert’s problem for n 2 3 is more difficult. 
As a first step towards the solution one would like to know the lower and 
upper bounds of the maximal number of limit cycles. Generally speaking, 
there is much possibility of springing limit cycles by a small perturbation 
in the critical cases. This is one reason why people are interested in the 
study of differential systems of center and focus type. However, even for 
n = 3 there is not yet a particular differential system to indicate if one can 
construct 6 limit cycles in a small neighborhood of the origin. From the 
results given in Section 2, we know that the origin is a 6-tuple focus of 
(2.1). For this class of differential systems, we can thus construct 6 limit 
cycles from the origin by a small perturbation while the perturbed system 
is still cubic. Doing this, let us consider the following perturbed system of 
(2.1) as an example: 
dx 
;i;=)‘+i.x-ax2-2hxL.+u~Z+(&-S).~3 
+(7/l-6B-q+i)x2y-(A-2B)y’, (3.1) 
dv 
z- 
- -x+~.y-bx2+2axy+by2-A~3+(7A-8B-t&xy2+6y3. 
The first four Liapunov constants are computed by DEMS under certain 
conditions as follows: 
U.31j.=O=E9 
ugli=O.EnO,d=O.;=O= -&h(A-B)[7(A-B)-q]. 
We take the parameters such that 
ab(A - B) < 0, 
2a2+2b2+ llB<O, 
qC7(A - w - VI > 0, 
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@b[ 14(A - B) - 2q + 11 > 0, 
6[20(A - B) - 2rj + 11 > 0, 
E < 0, 
2 > 0, 
and choose successively the perturbation variables suffkiently small, i.e., 
O<Id-&Q161&151~lfll~-(2a2+2h2+11B)~l, 
so no new stationary points are created, the originally obtained limit cycles 
remain such that the resulting bifurcation at the origin creates another new 
limit cycle. This can be done because the Liapunov constants of (3.1) have 
the signs 
i.e., the stability of the origin turns over 6 times. Hence the limit cycles can 
be created one by one and, finally we obtain 6 limit cycles in an arbitrarily 
small neighborhood of the origin. 
4. AN EXTENSION OF THE CLASS 
After obtaining (2.1), we find that the class of differential systems with 
6-tuple focus can be extended. Now let us investigate the following more 
general cubic differential system 
dx 
--g= y-ax2-26 xy + uy2 + Fx’ + (7A - 64 x*y + Exy’ - (A - 24 y3, 
dv 
(4.1) 
dr- 
- -x - bx2 + 2axy + by2 - Ax3 + Dx’y + (7A - 8B) xy2 + Cy3. 
Computing by DEMS, we obtain 
u3=;(D+E+3C+3F)=;a, 
~Sl.4’~ 4 (A - B)(3D + 7C+ 2F), 
~71.-0.A-BB-O=- 1;5 (C+ F)(D + 3F) 8, 
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~7l~=o.3/)+7c+2F=o- 45 - -L(C+F)jY, 
v91*=o.A-B=o-2835 -4(D+3F)y, 
4 
bl.=0,3r)+7C+2F=O- 1215 --(C+F)y’, 
where 
/?=4Oab-6D- lSC-3F, 
/.?‘= 120(A - B)(a’-b2)+40ab(C- F)-(C- F)2+ 36(A -B)2 
and 7, 7’ listed in the appendix are four irreducible polynomials consisting 
of 4, 12, 23, and 36 terms, respectively. Then v3 = us = v7 = vg = 0 if and 
only if one of the following conditions holds: 
(i) E+ 3C=O, (iv) a =o, 
D+3F=O, A- B=O, 
A-B=O; P=O, 
y=o; 
(ii) D+E=O, 
C+F=O, (v) a = 0, 
5C+3D=O; 3DilC+2F=O, 
/?’ = 0, 
(iii) D+E=O, .y ’ = 0. 
C+ F=O, 
A-B=O, 
y=o; 
We want to compute the next two Liapunov constants v,, and vi3. In the 
case (i), v,, and vi) are easily computed to be 0. The cases (iv) and (v) are 
more complicated to be dealt with. There are some big irreducible polyno- 
mials appearing in the process of computation. The detailed discussions 
will be reported in the forthcoming papers of the author. In what follows, 
let us consider only the other two simpler cases (ii) and (iii) where 
C+F=O. 
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Case (ii). We have 
a,,=$$2a2+262+ llB)w, 
t’ 13= -j&5(34-400C2)a, 
in which A is same as that in Section 2 and 
w= -(a’-b2)C[C2-27(A -@‘I+ 18~b(A-E)[C~-3(,4-B)~]. 
It follows that 
~nI2o~+2b2+I*B=O= 6;;;;;35 (9f + 3025C2) w, 
where I- is same as that in Section 2. Obviously, r= 9r+ 3025C2 is still 
semi-positive. 
Case (iii). In this case, 7 can be simplified by other conditions as 
y = -60(a2 - b2)(C + D)(5C + 30). It is easy to see that 5C + 30 = 0 is a 
special case of (ii). If u2 - h2 = 0, then u,i = u,~ = 0. If C + D = 0, then 
0 I, =g (u2-b’) AC3, 
V ,3 = - & (a2 - b2) AC3(208u2 - 192h2 + 1575A). 
Hence v,, =0 implies u,,=O. 
Summing up above results, we have the following 
THEOREM 4. If C + F = 0, then the origin is a 6-tuple focus of the 
cubic differential system (4.1) if and only if 5C + 30 = D + E = 
2u2+2b2+ llB=O and w#O. 
THEOREM 5. In the particular cases, the stability of the origin for the 
differential system (4.1) is determined by Table II in the appendix. 
Proof. By the obtained results and the well-known stability criteria, we 
only need to prove Case (6) of Table II in the appendix. To prove this case, 
i.e., the origin is a center of (4.1), let us denote the polynomials on the 
right-hand sides of (4.1) by P(x, y) and Q(x, y), respectively. Then we have 
the following four subcases 
Case (6-l). A - B = F= E = D = C = 0: a special case of (2.1), 
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Case (6-2). D+E=A-B=C+F=a-b=O: 
f’h -xl = - Q(x, Y), 
Case (6-3). D+E=A-B=C+F=a+h=O: 
Q-y, -x)=Q(x, y) 
and 
Case (6-4). E+3C=D+3F=A-B=O: 
a&, .v) + JQ(x, Y) = o 
SX $y . 
Clearly, the origin is a center of (4.1) in Cases (6-l ) and (6-4). In Cases 
(6-2) and (6-3), the integral curves of (4.1) are symmetric with respect to 
the lines x + J = 0 and x - y = 0. Then by Poincare symmetry principle the 
origin is also a center of (4.1). This completes the proof of the theorem. 
Therefore, to determine the stability of the origin for certain cubic 
differential systems, by Theorem 5 one needs only to check the conditions 
given in Table II. Theorem 4 indicates that to have the origin as a 6-tuple 
focus happens only in Case (11) of Table II. In the cases D + E = C + F= 
C+D=B=A=O and D+E=C+F=K+3D=w=O, uIs is computed 
by DEMS to be 0. We guess that the origin is a center of (4.1) in these two 
cases. However, we are unable to give a proof, and then the stability 
criteria of the origin is not given in the table. Due to the computational 
difficulties as mentioned before, the stability of the origin in Cases (iv) and 
(v) has not been considered in the present paper. 
APPENDIX 
TABLE I 
;)=-(642h2-45A-66a2)F2-[(654h2-180A-42a2)D 
+ (2142h2 - 540A - 306a2) C+ 240ab3 + (216OaA + 880a3) b] F 
- 1 80(b2 - a’) D2 - ( 11 34b2 - 180A - 522a2) CD 
- (1800b2-495A - 540a2) C2 - [240ah3 + (2160aA + 880a3) h] C. 
y’= -(117B+286b2-42A- 118a’) F2 
+ [(234B + 152h2 - 84A + 184a2) C 
- 1320abB - 240ab’ - (840aA + 880a’) h] F 
-(117B-134h2-42A+302a2)C’ 
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+ [636OabB + 240ab3 - (42OOuA - 880~~) b] C 
+ 4212B’ + (14256h’ - 9936A - 8208~~) B2 
+ [720b4 - (22032A - 1920~~) b2 + 7236A* + 9936u2A - 2640~~1 B 
- 720Ab4 + (7776A2 - 1920u’A) b2 - 1512A3 - 1728u2A2 + 2640a4A.. 
TABLE II 
(1) a<07 
a > 0, 
(2) a=O, (A- B)(3D+7C+2F)<O, 
a = 0, (A - B)( 30 + 7C + 2F) > 0, 
(3) r=A-B=O, 
(C+F)(D+3F)PcO, 
a=A-B=O, 
(C+F)(D+3F)/J>O, 
(4) D+E=A-B=C+F=O, 
(a*-b2)(C+D)(D+3F)(5C+3D)>0, 
D+E=A-B=C+F=O, 
(a*-b2)(C+D)(D+3F)(5C+3D)<0, 
(5) D+E=A-B=C+F=C+D=O, 
(a’-b2) AC-co, 
D+E=A-B=C+F=C+D=O, 
(d-b*) AC>O, 
(6) D+E=A-B=C+F=C+D=C=O, 
D+E=A-B=C+F=u2-b’=O, 
E+3C=A-B=D+3F=O, 
(7) a=A- B=b=O, (D+3F)y<O, 
r=A-B=p=O,(D+3F)y>O, 
(8) r=30+7C+2F=O, 
(C+F)p’>O, 
a=30+7C+ZF=O, 
(C + F) p’ < 0, 
(9) r=30+7C+2F=jI’=O, (C+F)y’<O, 
a=30+7C+2F=j?‘=O, (C+F)y’>O, 
Asymptotically stable, 
Unstable; 
Asymptotically stable, 
Unstable; 
Asymptotically stable, 
Unstable; 
Asymptotically stable, 
Unstable; 
Asymptotically stable, 
Unstable; 
Center stable, 
Center stable, 
Center stable; 
Asymptotically stable, 
Unstable; 
Asymptotically stable, 
Unstable; 
Asymptotically stable, 
Unstable; 
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(10) D+E=K+3D=C+F=O, 
(2a2+2hZ+ 11B) w<o, 
D+E=K+3D=C+F=O, 
(2a2+2P+ 11B) w>o, 
Asymptotically stable, 
Unstable; 
(11) D+E=SC+3D=C+F=O, 
(2a2+2h1+ llB)=O, w<o, 
D+E=K+3D=C+F=O, 
(2a2+2hZ+ llB)=O, w>o, 
Asymptotically stable, 
Unstable. 
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